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By A. Beta 



Proeresslye application of the Zut t a- Joukowsiy theo- 
rem to the relationship between airfoil lift and circula- 
tion affords a numher of formulas concerning the conduct 
of vortex systems, The application of this line of reason- 
ing to several prohlems of airfoil theory yields an insight 
into many hitherto little observed relations. 



1-::.^ -^^^^ T^ to plane flow, hence all vor- 

|: ?^ tex filaments are straight and mutually parallel (perpen- 

t^;y7^ dicular to the plane of flow). , 



^VK'.:;':-^ " : ^^m-^^M^'^^^^ " SEHIBHAL' TH3D0HEUS 



i:^^^- r^ lm Kutta-^Joukowsty theorem ^- Then a body, about which 

. the line Integral of the flow is other than zero, i.e.. 

-with a circulation is in motion relative to this flu- 

^^■-. id with speed v, it is impressed by a force perpendicular 

to the direction of motion, which per unit length is 



? p 7 r . , . (1) 



) . theoremi fig. !)• If there is no motion 

in . the fluid other than the circulatory flow, then r is 
| at infinity relative to the fluid. But, if the 

l^^^-Jv: fluid executes ^till other motions aside from the circula- 

5?=*:/r: tlon, say, when several vortices, or sources and sinks are 

^, : existent, it is not forthwith clear which is to be consid- 

^ ered as the relative speed. On the other hand, we do know 
■ that V should be the spoed of the body relative to that 
" flow which would prevail in the place of the body in its 

:absence. The body is thereby assumed as Infinitely small, 
otherwise different speeds could prevail at different 
places of the body. (This case can be worked up by inte- 
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gration from infinitely small iDodies,) This finer distinc- 
tion of the Kutta-Joukowsky theorem is readily understood 
when hearing in mind that a free vortex, iipon which no 
force can act, moves at the same speed as the flow in the 
place of the vortex if the latter were nonexistent. Con- 
sequently, the Kutta-Joukowsky theorem must afford the 
force zero for the motion at this speed, that is, the 
speed in the Kutta-Joukowsky theorem must l)e measured rel- 
ative to this motion* But this may also he shown direct 

appropriate derivation of the Eutta-Joukowsky theorem* 
The general rule for this dorivation consist s of computing 
those pressures in a coordinate system, in which the hody 
rests (steady motion), which as result of superposition 
of circulation and translation act upon a control area en- 
veloping the hody and the momentums which enter and leave 
through it. Thus when we choose as control area a cylin- 
der enveloping the hody so closely that the speed of trans- 
lation in the whole region of the control area can he con- 
sidered as constant, this sel^sr^ne translatory speed con- 
tiguous to the hody heccmes the speed v in the Kutta- 
Joukowsky theorem, although it is the speed which would 
prevail at this point if the hody were nonexistent, 

2. The center of gravity of finite vortex zpnes .-- If 
there are a nujaher of vortices in a fluid, each individual 
one is within a flow which as field of all other vortices 
is determined hy their magnitude and arrangement, and each 
vortex moves with this flow. Visualizing these vortices . 
replaced hy individual solid hodies with the same circu- 
lation as the vortices (say, rotating cylinders), the flow 
also is the same. Preventing these hodies from moving with 
the flow without effecting; a change in their circulation,- 
each cylinder is impressed according to Zutta-Joukowsky hy 
a force and we must, in order to hold it, exert an oppo- 
site force upon it. lor a hody with circulation Pni ex- 
isting at a point with speed yn> this force la _ - 

Pn = P vn Tn: . : ? ' ^ ^ r . ^2) 

and is at right angles to v^. The resultant of the forces 
exerted on the cylinders must he taken up hy the walls at 
the houndaries of the fluid, i.e., it must he equal to the 
resultant from the pressures of the...fluid. onto, th^^ 
wall.*- .,...^-'. ,• . ^ -..V... .-...V • i,--^.. ' - 

Now, if the fluid is very much extended so that its 
♦See footnote, page 3. 
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^ assnmedly rigid and quiescent "boundariea are everywhere 
far removed from the vorticos (or "bodloa with circula- 
tion) , the resultant of tho prosaurofl. onto tho boundary 
walls approaches aoro whon tho Torticoa aro rostrainod. 
For tho flow volocity v producoA by tho vorticoa do- 
croasos invorsoly proportional to tho first powor of t'io 
distance, while tho relevant prosauro difforoncoa (3or- 
noulliis oquatioa jp - « - | v^) drop invoraoly propor- 
tional to tho aquaro of tho diatanco; tho "surf aco of tho 
boundary incroaoos .liijparly with tho diatanco, ao that tho 
force produced, as sua of prosauro difforonco and surf aco 
is a docroaso invorsoly proportional to tho "distanco. : 

^* whon this, force , on tho boundary wr.lls vcmiahos, 
tho resultant fordp. on our body must disappear also, or i-- 

other, wojj^ds,^^.:.,-.,^.,^ : v; ... 

- -• As tli« forces Pn or the spi>o4sL_Va^ may apsuma. j;ny 
direction, 2 is cdnsiderod a vecto.ri^ .additionkof .^^^ 
forces or speeds, respectively, ""fn^teai of ithatr^^^ com- 
ponents in the X and I direc.ti on.-iTay ibe ad'dod . leparato- ' 
ly» in..Trhich case ■ ■: i-" . -^W^ r 



*By restfainittg t>8 rv^tices the^f low |i>ecoiae.-s i^'teady (pro- 
vided that th^^*5i' ar<i no singularities ^*t%^r .lhain thoao vor- 
ticoa, aiid^Vnat the boundary walla are'>i§i.'i^arid quios- 
eent) , ^'ot which reason tho Rrossuros caS. bo 
thsfc-nimple Bornoulli equation ; p + | = ya = coDstaat. for ' 

•^froo Torti-eaV the 't'jrpo of Vlow wiishln a stated timo inlojii 

yal .is .tho same as for rostrainod vorticos, 
ally no loagor steady, _f or the vorticos travc^^ that/is^* 
cliango thoir arrangomont in " space , Jherof ord *'.vio piroaan^cs 
phango also, because for nonsteady flow the f jsrVij^gQ^" * ■• 

^^crnoulll equation P + f ■'"^ + P ^ = coaster. / is t^pp^ica- 
ble ($ = flow potential, for steady flow 0). 'tit^. 

free vortices there is no force as is in tlve rejstrained 
vortices, so that tho resultant force on tj^ia /boTmda^y walls 
must disappear. Thiis is precisely oVtai^iod by th.o. accel- 
erating forces P Consequently, /tto forces oxf tho l^^'^^ 
id "boundaries used hero and in the .f olloTring ar^Q .ihoso^^^ * 
forces which would occur if tho^y or t ices "wdf 6 r'^os/^rainod^ 
i • e • , by s t oady f low , ' _ _ ;. \ y ' ^ > 
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and 

2 Pay = P 2 Vnx = 0 " (3b) 

with X and y as components along X and Y of the. re- 
spective vectors. If we release the hodieSt wherehy they 
can "be replaced again hy common vortiaes, they move at 
the speed v^^t ; and our preceding equations constitute a 
general prediction as to the displacement of the vortices 
within a fluid without extraneous fqrces, espocially in a 
fluid extended to infinity. To illustrate: "visualize the 
vortices replaced by mass points (material system) ^whose 
mass is proportional to the vortex intensities. Admitted- 
ly, we must also include negative masses^ in which the ' : 
vortices with one sense of rotation correspond to positive 
masses and those with opposite sense of rotation correspond 
to negative masses* Then we may speak of a center of grav- 
ity of a vortex system, while meaning the center of grav- 
?vy'\of the corresponding mass system. Applying this in- 
1 erpretationv the vortex motion can he expressed as folXbws 

Theopem 1 ,- The xaotion of vortices in a fluid upon 
which no jextraneoua. :*orcefi can act (fluid extended to in- 
finity), ks such tiat their ">c^nter of gravity relative to 
the rigid! fluid hdindaries or r el"a^ijre\ to th^, fluid at rest 
at infiniiy rempin^s unchanged. This' theo^r^m has already 
heen develcpet'V although in a different way)"Sbjr Helmholtz, 
in his we^2--lcnown work (reference l). The prem^f-^e is, of 
course, th© absence of further , singular.. point e in ^id^^flu- 
id other^.t^an the stipulated vortices./^ ^ . \ ^J^v^ 

, thej^luid -is hounded Yy rigid wails^^^^'a^^ 
&lhle\ to^mj 'o some prediction as to the resultant force 
on thiv '^cj \ary walls by restrained vortices (steady flow) , 
th0ji >n (2) gives aii account of motion of the center 

^avitj^^^^f the vortex, - - - • ^ . / . ' 

; ■■ ■ >-v ■ . ■. .... . - 

If tli> resultant force on the wails is P, then 
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P 

hence, Vo = ■ (5) 

which is at right angles to force P, Thus, 

Theorem 2 ,-> When, hy restralnod vortices (steady i'lovr\, 
the pressures oxortud by the fluid onto the boundary walls 
produce a resultant force/ then the movonont of tho center 
of gravity of the froe vortices is such as an airfoil whose 
circulation equals tho sum of tho circulations of the vor- 
tices would need to have in quiescent, Infinitely extended 
fluid to make its lift equal to this resultant force, 

As' a rule the pressures on the boundary walls and thus 
their resultant force are not sumnarily" known, although it 
Is possible to malco at least certain predictions in ziiany 
cases* For examploy if the fluid is bounded on one side 
by a flat wall or enclosed botwoon two parallel walls, tho 
resultant force can only bo perpendicular to those boundary 
walls. Since tho center of gravity of tho vortices moves 
porpondlcularly to this force. 

Theorem 5 reads as follows: If there are vortices be- 
tween two flat, parallel walls or on one side of a flat 
boundary wall, the distance of the center of gravity of 
the vortex from these walls remains unchanged (it movos 
parallel to the walls). This result has already boen ob- 
tained for a small number of .vortices by numerical calcu- 
lation of the vortex paths.* 

3. I nertia moment of finite vortex zones ^- Again vis- 
ualize the vortices as being held fast in a fluid and de- 
compose the speeds on each vortex into a component radial- 
ly toward or awdy from the center of gravity and one at 
right angles thereto. If r is the distance of a vortex 
with circulation r away from the center of gravity, and 
Vj. the radial (outwardly directed) speed component, this 
vortex is impressed with a force 

■ ^ ' ^ - * fp = p in - • * : : : 

which is perpendicular to r and therefore forms a moment 
T r with respect to the center of gravity. The tan^^ential 
component vt (perpendicular to r) produces a force along 
r which does not sot up a moment about the center of grav- 
ity. The sum of the forces impressed upon the vorticos 
can be divided into a resultant passing through tho center 

*W. Muller's report before the meeting of the members of 
the Gr6S. f, angew# Math. u. Uech,, at Gottingen, 1929; and 
of physicists, at Prague, 1929« 
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of gravity (radial force component due to vt) and a moment 

M = P S r Vr r. 

They must "be equal and opposite to the forces and moments 

acting on the fluid "boundaries* Seleasing the vortices, 

the center of gravity moves conf ormahly to the laws of the 

individual force. Moreover, the vortices move also in ra- 
dial direction at speed Vj., Since 



vr 



at 

we obtain ^ n ' ^ - 

P 2 r r 2X = P ^. 2 r rV^, U ^ (6) 

whore M = moment of extraneous forces, hy restrained vor** 
tices, with respect to the center of gravity^ If, this is 
zero,* we have 7 T 

Z Vt^ «= constant' ^^tt^?/-- 

S r r^ is a quantity whicli corresponds io ihe'polar mass 
momont of inertia Z m ' relative to the center of grav- 
ity. Consequently, it may be designated as inbrtla moment 
of the vortex system and we obtain ^ ■ v:.- 

Theorem 4 .- ffhea> by restrained vortices^ the extrii-, 
neous forces acting on a fluid have no moment with respect 
to the center of gravity of the vortex system within this 
fluid, the inertia moment of this system of vortices' re- 
mains constant^ ' j:.:^-; ^v^-j^v ^-".rti. 

If the moment of the extraneous forces is "i 
sense as the chosen positive vortex rotation, this inertia 
mozuent increases according to equation (6) and vice versa, 

4, V ortex system s whose total circulation is zefo_^- 
Tho kinetic energy o'f a potential vortex in infinitely ex- 
tended flow in a circular ring between r and dr and 
thickness layer . i :is____.^ _ ^. . , . ....^ 



♦Whether or not' l;"here is ' an oxtranepus moment in a 
caso roquires a more careful analysis than the prpblom oC 
oxtranoous forces, since, for exanplo, the. forces decrease 
toward zero with l/y whori tho boundary surfaces a#6 en- ^/^^^ 
larged, whereas the moments may remain..fihite .because.. of 
the added factor r as lever armt^ fw ^r^fj^^ n'i^ 
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2 \2rTr/ 2 2tt r 

Integration over the whole fluid (from r = 0 to r 
yields by approriiaation to r = 0 as well as to r '= » , 
the enertjy as For which reason it is physically Im- 

posaihle to rea.lize such vortices. The difficulty with 
r = 0 is obviated because the physical vorticos always 
have a nucleus of finite diaiTiotor, in which tho speed no 
lon^?or rises with l/r toward co , but remains finite* 
But by r tho diffictilty roriiains (apart from the en- 

orgy the rotaS^y monontuu liko^riso = «*) • As a result, tho 
production of vortices in an infinitely extended fluid can 
only be effected by pairs, so that the sum of the circu- 
lations is zero. The velocity field of such a doublet 
drops at great distanceainversely as tho square of tho dis- 
tanco so that the fluid energy remains flnito for any ex- 
tension* Henco, 

S!h§orejS_5»- Tho total circulation of all votices in 
an infinitely extended fluid is' zero* Ho vortex system 
with finite totrl circulation can occur unless the fluid 
is finitely limited. Aixd of course, apart of the vorticos 
in an infinitely extonded fluid can also bo at such a re- 
mote distance as to be of no account for tho flow at that 
particular point. The ro may then bo vortex systems with 
ono-sidod total circulation, in which the very vorticos 
which supplement tho total circulation to zero are very 
remote from it, ~ Since, however, energy and momentum of 
two opposite vortices increase with the distance, very 
great distances are encounterod only in cases of very great 
energy input. The cr.se of a vortex systom with zero total 
circulation Is consequently relatively frequent and de- 
serves special consideration, since the center of gravity 
of such a systom lies, as wo know, at infinity, so that 
tho precoding theoroms aro not Bummarily applicable in 
part, ^ ; . " \ . . . ' . ' ' 

: Combining one part of the vortices into one group and 
the others into another group, we can analyze each group 
by itself, as, for instance, the clockwise rotating vor- 
tices in one, and the anticlockwise vortices in another,, 
although this is not necessary. The only condition is 
that the total circulation of tho one ^jroup bo equal and 
opposite to that of tho othor group and other than zero. 
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In the absence of forces c-uid nousnts on the fluid,* 
as, say, by infinitely extended fluid, the forces and no- 
nents on the restrained vortices nruot be zero or, in other 
words, the resultant force on one group must be equal and 
opposite to the force on the other and be on the sane line 
with it« But these forces neod not necessarily pass 
through the center of gravity of each of the two groups. 
When the vortices are roloasod the center of gravity of 
each of the two groups moves perpendicularly to this one- 
sided force and at the sane speed. Thin is ezprossod in 

ghee r en 6 « as follows: The motion of the centers of 
gravity of two groups of vortices with equal and opposite 
total circulation is mutually parallel and has the same 
speed, hence constant distance. 

Knowing at first absolutely nothing about the direc- 
tion of the opposite forcet we can moke no prediction as 
to the direction of motion^ When this opposite force 
passes through the centor of gravity of a group, this group 
is without extraneous moments and its inertia moment is 
then constant (theorem 4).** Ac a rule this force does not 
exactly go through the centor of gravity of the two group b» 
3ut when they are separate to a certain extent and closed 
in themselves, tho force almost always passes very close 
to the centor of gravity, in which case we can then consid- 
er the inertia moments at least approxlmatoly as constants 

If the force does not pass through the center s of 
gravity of the group s , their inertia moment changes. But 
if the force is parallel to the line coidnecting the two 7 



♦In such vortex systems the moments also are f orth:rl_th , 
small when pushing beyond the rigid boundary wall s^ (Com- 
pare footnote** below, . 

♦*It was always assumed that no singularity other than tho 
vortex 'system existed. But with the two groups and each 
considered by itself ^ the assumption ceasos to hold. How-* 
ever, the previous considerations can bo generalized so 
that the forces needed to restrain tho vortices of the m6- 
mentarily disregarded group, become the extraneous forces 
on the fluid. It is readily seen that theorem 4 is equally 
applicable in this sense to a group of vortices in tho ]^ 
presence of further vortices* .... , _ 11 11 
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contors of prossuro (S^ , Sg , fig. 2), whicli is manifostod 
by their perpendicular motion to the connecting line, the 
monent of the force relative to tno two centers of gravity 
is equal and opposite. 7he result is that the inertia no- 
mont of one group increases at tho same rato as that of 
the othor group docroasos. (Ono Inortia nomont is usual- 
ly positive, the other negative ; their absolute values 
thus increase or decrease to the same extent*) 

Theorem 7 ,*» If the motion of the centers of gravity 
of two groups of vortices of equal and opposite total cir- 
culation within an infinitely extended quiescent fluid is 
perpendicular to the line connecting the gravity centers, 
the algebraic sum of the inertia moments of the groups re- 
mains unchanged, v^. . : v .u^^ - ^ r - - 

When the force forms an angle with this connecting 
line (Sx §3 f f ig» 3) t that is, when one velocity compon- 
ent Vx is along Its connecting llno^ the inertia moment 
of one group increases moro than that of the othor de- 
creases or vico versa* In any case, tho sum of the inor- 
tia moments of the two groups is changed. It amounts. In' 
fact^ to- ' ■ ^ . ^- : - ^ -^ 

^ (Z r^^ V Z > 3 vx a L r ; (8) ^ 

according to equation (6) and figure 3» (Z 
inertia moment of one group, 2 tfe^ that of the other, 

a is the distance of the two centers of gravity, and Z V 
the total circulation of one group.) 

She sum of the inertia moments increases when the 
motion 'of the centers of gravity in direction of the group 
with positive circulation is toward the group with nega- 
tive circulation. It decreases for opposite direction, 
Ihus Zr in equation (8) denotes the total circulation of 
that group, which moves toward the other. 
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II, APPLICATION 



In the practical application of these theorems, it 
frequently Is not so n*u di a case of a number of indiriduai 
vortices, hut rather of continuously distributed Vortices* 
But that presents no difficulty; it nioroly means suVsti- 
tuting S- terms for Z terms. It is, however, something 
else when tho vortex systems extend to infinity and at the 
same time have infinitely large circulation. But- with 
some care, they also are amonahlo to solution Tby these tho- 
orems« ^ 

^» Vprtic os back of an airp lang ;ginf-^:^ Ar.frr)y<^4>r. 
airfoil theory (seo Handb, d. Phys., vol. Til , p, 2S9 f f ) , 
an area of discontinuity is fornod behind ^a wing by opti-» 
mum lift distribution (minimum by given lift) , which has 
the same speed of downrrash at every point/ Thus the flow 
behind an airfoil may bo visualized as if rigid plato, 
the area of discontinuity , were downwardly displaced at 
constant speed and thereby sets the fluid in motion (fig, 
4), This, however, is applicable only in first' approxima- 
tion when the interference velocities (foremost of'whibh 
is the speed of displacomont w) are s/nall. compared to the 
flight speed. Per this motion would only be possible for 
any length of timo if tho area of . di scontinui ty actually 
woro rigid. By flowing around the edges, laterally direct- 
ed suction forces P occur, which only could be taken up 
by a rigid plate. These forces are absent when the area 
of discontinuity is other than rigid, as' a result ' of whicli 
the suction P effects other motions; starting at the 
edges, it unrolls and gradually forms two distinct vorti-p 

cos (fig, 5), ■ " ■ "■ ' \' --r ^-r .^'-V-^'- v^^^^r -;;r ^f^' ^ - ■ - 

With I = wing fepan/ the circulation' p6f ' unii 'loneth 
of a[7 for sucli an aroa of discontinuity Is di strl'b^tbd . 
across the span conformably to the following equation 

s ix) TTTtTI? 

with To - circulation about the wing in Its median "plane. 
The downward velocity of the area of discontinuity prior 
to development is 

w = i^. (10) 
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Tile area of discontinuity may 'be regarded as a con- 
tinuously dlstritutod system of vorticos witli zero totq-1 
circ\ilation. The distribution of the vortices is givon 
in equation (9)# Combining tho two symmetrical halves 

(- = X ^ 0 and O^x-^i- ) into one group each^ tho 

distance of tho center of gravity of tho two groups must 
rotaain tho sane, according to thooren 6, The contor of 
gravity of a system of vortices conformable to equation 
(9) from ,0 to 1/2 lies, as is readily computable, at a 
distance ^ 

' :-*,'=Vl • ' '"^ 

from the center, so that the distance'of the centers of 
gravity of the two groups becomes 

' " 3 a = ^2 xo - I I (12) 

This, , then, is accordingly also tho distance of 
the centers of gravity of tho two formative individual vor- 
tices (fig. 5). The steady symmetry of the process in the 
present case is indicative of the consistently parallel 
displacement of the centers of gravity and consequently, 
that the individual vortices are also symmetrical to the 
original piano of symmetry* 

The process of convolution or development with respect 
to timo can also be followed by similar considerations, 
although this calls for considorablo mathematical work* 
Up to the present .the, course of ^the process has been ex- 
plored very accurately in itn first stages, during which 
the developed part was still small compared to tho whole 
area of discontinuity (reference 3). 

Ir* the present report an attempt is made to gain ap- 
proximate information regarding the magnitude of the tip 
vorticos and the circiilatory distribution within thom# 
The vorticos of the area of discontinuity are divided at 
some point x and those lying to the left are grouped in- 
to one; those to the right of it (full line in fig, 6) into 
another, Thon it is assuued that tho opposite forces on 
the two groups - the vortices being restrained - pass 
through tho center of r^ravit;/ of both groups, which actu- 
ally proves fairly correct., because of the comparatively 
strong concentration of the vortices toward tho tips and 
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the ensuing distinct separation of "both groups. Now tho 
inortia moment of ono vortex group must remain approxi- 
mately constant during dovolopmont, Tho total circulation 
of ono group of tho ujadovolopod area of discontinuity from 
X to 1/2 is 

Tx = / ^ 4^ = ^0 yi - (^) . (13) 



For the ensuing calculation the angle 9 is used in place 
of the variable x, which is bound up with x through 



cosq) =^ and ; sin 9 = / 1 - . (14) 

Thus the vortex distribution (equation 9) becomes: 



3r 



Tx = To J 1 - (^^y = To sin 9; ■ \ _ (13a) 

The distance of the center of gravity of this group 

3^1- -r- / 1^ 3cdx= ^/ cos^cpdqp = - — J-r [9 + isinS (p3 

X 33C sincp 3 o 4 8in9 ^ 

...... .^ -V. - , ' (15) 

The inertia moment of the group with respect to 
the center of the area of discontinuity (x «= 0) . is: 

Jo= / =^^^=^0 Q / co83q)ap = ro (|) sin \ sin^tp^ 

The inertia moment of tho group with respect to its 
center of gravity is: 

Jx = Jo - r,xj' = To {(I) an9 (i - I f) . 
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This inertia moment must he present ai^ain after the convo- 
lution^ 

Now the coiied-up group is assumed to be circular; 
that is, the asymmetry stipulated hy the mutual interfer- 
ence of the two coiled-up vortices is disregarded, so that 
the circulation may he presented as a pure function of ra- 
dius (r = f(r)). The vortex group from x to 1/2 is 
coiled up into a spiral which fills the circle with radius 

Then the circulation must "be equal to the circu- 

lation of the original vertex group 

' (18) 

and likewlso, the inertia momont of tho vortices coiled up 
in this circle must he equal to the original inertia mo- 
ment of the vortex group 

Jr / = ^x- (19) 

o ^r 



Permitting r to increase hy dr. then decreases x hy 
dx and increases cp hy 6Sp under these promisost Tho 
result is an increase of 

^ dr = — dqp = cos 9 d9 (20) 
or 99 " 

in circulationg and of 

1^ ^3 ar = |i£ d<9 (21) 

in inortia momont. 

Then tho dif f orontiation of (17) yiolds 

- 2nfel (''P + i sin 2<P) (1 + cos 29)3 



wh.icja, written into (21) and with regard to (20) gives 
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(ar) ^,,33(p + 4- i Bin 2?) - Iflf (9 + i Bin2(p) 

Since sin<P = / 1 - f (equation 22) con- ^^^^ 

notes the relationship "between r and x, that is, it 
gives the size of the circle into which a piece of tho 
original area of discontinuity has changed. And, knowing 
the circulation P = sin cp» the equation also discloses 
tho distrihution of tho circulation in tho coilod-up tip - 
vortox. Figure 7 shows the rospcctivo values of P and x 
versus r, and also the distribution of the vortex densi- 
dP I 

*y TlZz — r Ti ' • When forming the pertinent "boundary 

d(i^TT) 20 Iq * - , ^ 

transitions, equation (22) yields .r - v . « ; -\ 

f -.-^ - . 

(¥) = 9 ^i^*^ (23) 
for very email yalues of 9 t so that 

= ^ " (24) 



3 



In other words, a small "boundary piece of the area 
of discontinuity coils up into a circle, whose radius is 
2/3 of the length of the original piece* _ , , . 

Jor cp = have 1^ = which means that the 

radius of the tip vortices is ^ Since the center of 
the tip vortices is ^ ^ distant from the plane of symme- 
try, it would indicate that the two tip vortices precise- 
ly touch each other. But for such close proximity, our 
assumption that ^the individual tip vortices shall he sym- 
metrical circles, ceases to hold: the speed hotween the 
two vorticos is substantially groator than it is outsido, 
with tho result that tho individual stroamlinos aro out- 
wardly displaced. So in reality tho vorticos should not 
touch oach other. Tho established approximato result how- 
over, may, hocauso of its simplicity, givo a ready picture 
of the order of magnitude of the vortices. According t6 
figure 7, the relationship between r and x is fairly' 
linear, Hencfe ^ ^ § (s* " greater part of the 

vortex conformable to v24) , and it is only in the outer 



H.A,C»A« Techiaical Hemor.^nd^aia Ko* 713 



15 



edge of the vortex that tho factor 2/3 changes to tt/4. 
The curve for the distribution of the rortoz density shows 
tho main part of tho vortices to bo vorj nuch concentrated 
around the center despite their co/nparativoly great extent 

1 J 1 2m Phenomena hehlnd c ascados^o f a i rf oi J^s - Cascade s 
of airfoils also form areas of discontinuity aft of the 
airfoils (fig. 8) p and whose motion relative to the und JLs 
turhed flow would, by optimum lift distribution, be as for 
rigid surfaces, if the edges could absorb the suction. 
But in reality they develop with rospoct to time, (Soo 
Handb. d, Phys. , vol • VII, p. 272 ff.) 

Lot us analyze the practically altrcys existing case 
wherein tho distance a' of tho surfaces io small conpa^re 
to tEie'?^ span. Assuming the areas of discontinuity to be 
actually rigid, the flow around the rigid surfaces far be- 
hind the airfoils would, near the edge, be as shown in fig 
ure 9, when choosing a system of coordinates ':7ithin which 
these surfaces rest. 3fhe motion in this system of coordi- 
nates being steady, Bernoulli's equation cnn bo eiaployod^ 
Inasmuch as the intorforonco velocity between the surfnceQ 
far removed from the edge is evanescently small relative 
to the surfaces, whereas outside in tho undisturbed flow 
the relative velocity is equal and opposite to tho veloc- 
ity of displacement w, Bernoulli's equation yields 

p - P ^ (25) 

positive pressure between the surfaces with respect to the 
pressure in the undisturbed flow on the side of the sur- 
faces.* This positive pressure balances the suction at 



♦Directly behind the cascades the pressures and . veloci ti g s 
are different. By contraction or expansion of tho lateral 
edges of the areas of discontinuity (positive or negative 
contraction) equilibrium is, however, established wit3i the 
pressure of tho Ifcvteral undisturbed flow, resulting in a 
correspondingly different speed, (Sec Handb. d, Pliys,, 
vol. VII, p. 259 ff.) Horo and in the following tho con- 
ditions subsequent to this balance are considered only, 
Per many purposes it shoiild bo notod that owing to tho 
width changes of the hypothetical rigid area of disconti- 
nuity the suction at the edges has a component along the 
direction of f low. 
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the plate edf^es. For an analysis of the horizontal forces 
acting upon a fluid strip of the height of the surface 
spacing a^ , roveals on ono side a forco a' P as re- 

sult of the pressure difference vithin and without, and on 
the other the suction at one plate edge* No momen turns are 
transmitted hy the boundary surfaces, therefore the suction 
must he 

P = a« P 5^ (26) 

In such a system of surfaces the vortices are very 
much concentrated at the boundaries, at great distance 
from the edge, that is, in the entire middle part of tho 
surfaces tho rolative velocities are practically zero and 
with it, of course, the velocity differences on both sidos 
of the surfaces, l*e*, the vertices* As. a result, the ef- 
fects of the developed and of the undeveloped areas of dis- 
continuity aro equal at distances which are great comparod 
to spacing a', since the spatial transformation of tho 
vortices during dovolopmont is subordinate as against the 
groat distance* Nevertheless, there is a fundamental dif- 
ference as far ns tho flow is concerned betwoon the thee- 
rctical process with undovolopod rigid surf acos and. the ac- 
tual process with developed individual vortices, a f%ct 
which up to now has never been pointed out, to my knjpwl- 
Qdge* .... 

The vortex group at one side is in tho veloaity field 
of the vortices of the other. Owing to its remoteness, 
this field does not change appreciably during tho dovelop- 
ment. Thus assuming tho vortices as restrained before and 
after development, the mutual forco exortod by tho vortices, 
remains the same, and with it the velocity in the center of 
gravity of the developed and the undeveloped vortices* But 
when visualizing the areas of discontinuity as rigid* they 
are then no longer exempt from forces because of the suc- 
tion P, and in that case the velocity is greater by an 

amount — . - - • ... „ ^ 

than with the free vortices. P- is heroin the circulation 
about tho part of the area of discontinuity lying on one 
side of tho piano of symmetry, respectively, about the 
single vortex devolopod therefrom (for the rest equal to 
tho circulation about tho airfoil in its nodian part)* 
Pollowing tho lino integral in figure 9, it is readily seen 
that 
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r « a« w (28) 
hence, with due regard to (26): 

A w « I (29) 

fhen the Telocity of the free vortices is: 

w« = w - Aw = I (30) 

As a matter of fact, the process of development is 
such that the center of gravity of the vortices clustered 
around each edge, lags hehind the velocity of the central 
main part of the surfaces* Whereas the latter moves at 
velocity w, the center of gravity of the vortices moves 
at a speed w/3 and it raaintalns this speed in tho final 
attitude after dovolopment, 

" Howevor, this spood w/2 can also be deduced direct 
from the field of the opposite vortices* At great distance 
It is identical with that of a vertical row of concentric 
vortices; (flg# 10) , "Mt at medium distance the field of , 

such a vortex row is a constant speed :fcw* = ^ down- 

. ...1,.^, xia* 

ward on one side and upward on the othor# Between tho two 

rows tho fields of tho two rows add up to speed w, so 

that 

> 2 w« / (31) 

Ihe signs for the fields outside of the rows are 
contrary, hence the speed is zero. Each vortex row itself 
moves under the effect of the momentary other row, that 
is, its speed is 

- • - , ■ > I <^2) 

B«.t there is yet another result which is not as read- 
ily conceived ae tho change in vertex velocity, For tho 
rigid surfaces wo had within tho dofloctod flow a positive 
pressure q = ^ ^^^^^ balanced tho suction at the edges. 
After development the suction is absent, so that there is 
also no more positive pressure within between the vortex 
rows, as can be proved from the Bornoulli equation. In 
the chosen systom of coordinates of figure 10, w is the 
speed of the inside flow, 0 that of the outside flow, and 
w/2 that of the vortices. To insure steady conditions, 
we must select a coordinate systom in which the vortices 
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rest* Then the speed of the inside flow is w/2 and that 
of the outside flow - w/2 (fig, 11) • Both are of equal 
absolute magnitude » hence of equal pressure within and 
without the rortexiiows. 

jTow this change of pressure during development is not 
without influence on the floir inside* Anal72ing a cut 
through the airfoil cascades (figs, 8 and 12) while apply- 
ing Bernoulli's equation to the speeds in front of and he- 
hind the cascades, reveals hy pressure halanco (dovolopod 
vortices, fig* 12)^ , 



Cg = Cj (33) 

_3 - 

and hy P " P (undeveloped vortices) 

02^ + w2 = Ci3,._:::.^. (34) 

Therefore the speed is greater after devolop^ment than ho- 
fore (c3 > ca)* , _ ^ _ . , ^, 

This result, while at first sight perhaps somewhat 
peculiar, can also he elucidated in a different fashion* 
Looking at the cascades from the cideycnce with undevel- 
oped vortex surfaces (fig. 8) , and then with deV'eloped vor- 
tices (fig* 12), the direction of the detached vortices is 
manifestly different because their own speed relative to 
the undisturted flow is different (w and w/2). The in- 
terference velocity Wt which may be considered as vortex 
field, is perpendicular to the vortices, and has therefore 
a somowhat different position in both cases* Por nondovol- 
opod vortices, the vortices lie in the direction of Ogp 
w is perpendicular to Cz (fig* 8), and since Cg is 
composed of undisturbed velocity Cx and interference ve- 
locity w, we have 

Co® Cx® - w^... j;..: 



In the developed state the vortices move with natural 
speed w/2, that is, they are between c^ and C3 • 
Since w and therefore w/2 in turn are perpendicular to 
tho vortices, the velocity vectors Cx 1 C3, and w form a 
triangle in which the vortex line ia the median lino (fig« 
12) But this Implies that C3 = Cx • - \. . 

Translation by J* Vanier > - - - ^::;.r 

National' Advisory XJommitteb ^ ■■ '-^"■''^i'-:^, . / ■ - " l i^rr ^7 
for Aeronautics* 
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Figs. 1,2,3 



Figure l.-Kutta^Joiokowsiy 
theorem. 
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Figure 2. -Two ,^roaps of yortic?=s 

T7hose centers of .;^;ravit; 
move perpendicular to their con- 
necting line. 




Figure ?.-Two groups of vortices Fi,::^are 4.-Displace-:ent of a 

whose centers of gravity ri^-Tii v)late in a 

move obliquely to their connecting fluid, 
line. 
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Figs. 5,5,7 



1/2 5=, 




Figure 5. -Development of area of ?i^ire 6. -Part of area of 

discorLtinoity Tjeliiad discontiriMity and 

an airplane wing. circle ovor vrhich it is iis- 

triljuted after develojaneat. 
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Figure ?. -Relationship tetv/esn de- 
veloped aad non-doveloped 
area of di scout inuity* 




liffxre 8. -Flow past cascades 

of airf jils \7±tli 
hypothetical rigid areas of 
discontinuity. 
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Jigs. 9,10,11,12 
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Figure 9. -Plow about the theoretical Pii^aro 10. -Velocities rola- 

*4 ^^°":^e^°lopei. areas of tlvo to XKdta- 

discontinuity in cut A-A. frirtftd flow 




Figure 11. -Velocities relative to 
vortices after develop- 
ment (steady flow). 



rigiire 12. -Composition of 
velocity after 
dovolopment. 
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